We extend some of the results proved for scalar equations in [3, 4] , to the case of systems of integrable conservation laws. In particular, for such systems we prove that the eigenvalues of a matrix obtained from the quasilinear part of the system are invariants under Miura transformations and we show how these invariants are related to dispersion relations. Furthermore, focusing on one-parameter families of dispersionless systems of integrable conservation laws associated to the Coxeter groups of rank 2 found in [1], we study the corresponding integrable deformations up to order 2 in the deformation parameter ǫ. Each family contains both bi-Hamiltonian and non-Hamiltonian systems of conservation laws and therefore we use it to probe to which extent the properties of the dispersionless limit impact the nature and the existence of integrable deformations. It turns out that a part two values of the parameter all deformations of order one in ǫ are Miura-trivial, while all those of order two in ǫ are essentially parameterized by two arbitrary functions of single variables (the Riemann invariants) both in the bi-Hamiltonian and in the non-Hamiltonian case. In the two remaining cases, due to the existence of non-trivial first order deformations, there is an additional functional parameter.
Introduction
In this paper, we consider systems of PDEs in evolution form of the following type: where i = 1, . . . n and u i (x, t) are functions of the space variable x and the time variable t. Special cases of these systems include deformations of bi-Hamiltonian systems of hydrodynamic type and have been deeply investigated starting from the work of Dubrovin and Zhang [13] (see also [23, 18, 14, 15, 2, 19, 8, 9] ), not only in relation to problems in the theory of integrable systems, but also with an essential focus to important aspects of the theory of Gromov-Witten invariants. In this work, our efforts are focused only on issues related to the classification and the integrability of systems (1.1).
To this aim, we say that the system (1.1) is integrable if is integrable in the sense of Tsarev, as a semi-Hamiltonian system [27] . This implies the existence of a distinguished coordinate system (defined up to reparameterizations) {r 1 , . . . , r n }. The coordinates r i , i = 1, . . . , n are called Riemann invariants and in these coordinates the system (1.2) appears in diagonal form: r i t = v i (r 1 , ..., r n )r i x , i = 1, ..., n. The characteristic velocities of the system, namely the functions v i satisfy
Tsarev's semi-Hamiltonian condition, i.e.
This condition guarantees the existence of a family of symmetries and of densities of conservation laws, depending on n arbitrary functions of a single variable. It turns out that the systems that are integrable according to Tsarev's definition, coincide with the systems of conservation laws that admit Riemann invariants (see [24] ).
2. Every symmetry (commuting flow) of the dispersionless limit (1.2) can be extended to a symmetry of the complete system (1.1). If this extension is obtained up to a certain order in ǫ, then the system (1.1) is called integrable up to that order in ǫ.
The symmetries approach to integrability has a long history (see for instance [21] , [22] , [25] ). In this paper following [17] we consider symmetries represented by possibly infinite series. Our definition of integrability in the scalar case coincides with the definition of formal integrability given in [17] . With this notion of integrability, one can think of systems (1.1) that are integrable as a sort of integrable deformation of dispersionless systems (1.2) that are Tsarev's integrable. This point of view has been widely adopted in the literature, see for instance [13] (for the bi-Hamiltonian case) and [13, 3, 4] for the scalar case. In this paper, we adopt this point of view and we extend it to general systems (not necessarily Hamiltonian or bi-Hamiltonian) of the form (1.1). A trivial way to obtain an integrable system of the form (1.1) is simply to start from a dispersionless system (1.2), integrable in the Tsarev's sense, and apply to it a Miura transformation u → w:
where it is assumed that F k are homogeneous differential polynomials of degree k and that the leading term of the transformation is invertible. This last assumption implies the invertibility of the entire transformation. Due to the presence of this mechanism to construct integrable systems of the form (1.1) that are essentially trivial, one of the fundamental issues of the theory of integrable systems is to classify systems of the form (1.1) only up to Miura transformations. Under some suitable assumptions (locality of the bi-Hamiltonian structure and semisemplicity) this problem has been solved completely in the bi-Hamiltonian case. In this case, it turns out that non trivial bi-Hamiltonian structures (which in the bi-Hamiltonian set-up control the deformations) are parameterized by n arbitrary functions of one variable [18, 14] . These are called central invariants because of their invariance with respect to Miura transformations. For any choice of the dispersionless limit and of the central invariants there exists a unique (up to Miura transformations) biHamiltonian structure (see [19] and [8] for the scalar case and [9] for the general semisimple case).
In the general case of systems of the form (1.1), there are very few results available in the literature, and besides few exceptions they are all confined to the scalar case (see [13, 11, 3, 4] ). More specifically:
• In [13] it has been proved that every scalar equation of the form (1.1) can be reduced to its dispersionless limit through a generalized Miura transformation (i.e. a Miura transformation in which the functions F k in (1.4) are not necessarily differential polynomials, but belong to a more general class of functions).
A different proof of this result (obtained following the approach of [7] based on the study of solutions of transport equations) is given in [4] .
• In [4] it has been proved that for scalar equations of the form (1.1) each coefficient of the quasilinear part behaves like a scalar under Miura transformations. In particular, in this case each coefficient is invariant with respect to the subgroup of Miura transformations of the form
i.e. Miura transformations where F 0 in (1.4) is the identity map.
• In Table 1 (taken from [4] ) we summarize some conjectures. They deal with the number of functional parameters that are needed to parameterize the (integrable) deformations in the scalar case. In each instance, it is possible to choose the functional parameters among the coefficients of the quasilinear part. In this work, we will focus on the general case of systems, and in particular to the case of systems of conservation laws, i.e. we will deal with systems of the form
Type of deformations Numbers of invariants References
In the first part of the paper, generalizing the results of [4] we show that the eigenvalues λ i (u, p) of the matrix
associated to systems of the form (1.1) are scalar with respect to Miura transformations (1.4). Consequently they are invariant with respect to the subgroup of Miura transformations preserving the dispersionless limit (i.e. Miura transformations (1.4) with F 0 being the identity map). Let us remark that there is an important difference between the scalar case (studied in [4] ) and the general case. In the first case the single coefficients of the quasilinear part are invariant, while in the latter case this is not true anymore. We call the matrix (1.7) the Miura matrix of the system and its eigenvalues λ i (u, p) Miura invariants of the system. Furthermore, we show how the Miura invariants are related to dispersion relations for systems of the form (1.1). Indeed it turns out that dispersion relations are just given by ω j (k) = −kλ j (u 0 , ik), where u 0 ∈ R n is a constant solution of (1.1) (the need for choosing a constant solution comes from the fact that the dispersion relations arise when one linearizes the system (1.1) around a specified constant reference solution u 0 ). In the second part of the paper, we focus on deformations of dispersionless integrable systems of conservation laws associated the to the families of bi-flat structures on the space of orbits of the Coxeter groups B 2 and I 2 (m) constructed in [1] . These families depend on one parameter c (a scalar constant). For each choice of the constant one obtains a dispersionless integrable systems of conservation laws in two fields. The main reason to consider these examples is the fact that for generic values of c one obtains a system of conservation laws which is not Hamiltonian (at least with respect to a local Hamiltonian structure). On the other hand, for a specific value of the parameter (c = − 3 4 in the case of B 2 and c = 0 in the case of I 2 (m)), one gets a bi-Hamiltonian system (which is just the principal hierarchy of the Frobenius manifolds of B 2 and I 2 (m) respectively). In other words, within the same family (parameterized by c) we have dispersionless integrable systems that are Hamiltonian (really bi-Hamiltonian) and non-Hamiltonian. This is extremely useful if one wants to probe to which extent the properties of the dispersionless limit impact the nature and the existence of (integrable) deformations. We restrict ourselves to deformations that preserve the form of conservation law for the PDEs under consideration.
We have computed explicitly (using the formalism of [5] ) all deformations up to the second order ǫ. In the case of B 2 the results obtained can be summarized as follows: turn out to be peculiar due to the fact that one of the primary flows (and all the corresponding higher flows) of the principal hierarchy are degenerate.
In the case of I 2 (m) we have analogue results (clearly for m = 4 this is not sursprising since B 2 ∼ I 2 (4)). For generic values of the parameter (c = 0, ±2) first order deformations are always trivial and second order deformations depend on two functional parameters. For c = 0 (the bi-Hamiltonian case) we have similar results while for c = ±2 we have an additional parameter appearing at the first order.
The paper is organized as follows. In Section 2 we introduce the Miura invariants and show how the are related to dispersion relations. In Section 3 we briefly recall the notions of flat and bi-flat F -manifolds, the principal hierarchy associated to these geometric structures and the examples related to Coxeter groups. In Section 4 we study in details the example of B 2 . In subsection 4.1 we study the first flows of the principal hierarchy, in subsection 4.3 we study the first order integrable deformations, while the second order deformations in ǫ are analyzed in subsection 4.4, together with some other important remarks. The Section 5 summarizes the results obtained for the integrable deformations of the principal hierarchy associated to I 2 (m) (dihedral groups), while the final Section 6 provides some conclusions.
Miura invariants
In this Section, we introduce a specific set of 0-tensors, that we call Miura invariants associated to any system of evolutionary PDEs of the form
where
More specifically Miura invariants are invariants of the system (2.1) under the subgroup of Miura transformations (1.4) of the form:
The Miura invariants defined in this note generalize the notion of invariants introduced by Dubrovin, Liu and Zhang in the context of bi-Hamiltonian evolutionary systems (see [14, 18, 15] ) and they also generalize one of the results of [4] , where it was proved that for any evolutionary scalar PDE of the form (2.1), the coefficients of the quasilinear part of the PDE behave as scalars under Miura transformations (1.4) (so if F 0 is the identity map, then each coefficent of the quasilinear part is invariant). We denote by
the inverse of the Miura transformation (1.4), where the leading part F 0 is assumed to be at least a local diffeomorphism. In the new "coordinates" w ′ s the system (2.1) reads
where the right hand side must be rewritten in terms of w, w x , .... We will now focus on the quasilinear part of the system (2.1). This is by definition
In particular, let us consider the Miura matrix M To justify this definition we will study the behaviour of λ i under Miura transformation. The key idea consists in writing the quasilinear part of (2.1) as a linear operator acting on u x and studying as its symbol behaves under Miura transformations. A similar idea was used in [15] to prove the invariance of central invariants. 
Proof:
As a preliminary observation, we consider the system
The Miura matrix in this case is the identity matrix. It is easy to check that the system (2.4) after a Miura transformations maintains its form. Indeed
In particular this means that the quasilinear part and the corresponding Miura matrix do not change in this case. Now we analyze what is the effect of a Miura transformation on the quasilinear part of (2.1). Due to the fact that u i is related to w i via (2.2), the only part of the
that can affect the quasilinear part is given by
Similarly the only part of u i x that can provide a contribution to the quasilinear part is ∂G i 0
In other words, the transformed quasilinear part can be obtained taking the quasilinear part of
evaluated at u = G 0 (w). This means that the Miura matrix M i j (u, p) transforms according to the following rule involving only the symbols of the operators appearing in (2.5): 6) where, in the right hand side, u = G 0 (w). Notice that the invariance of the system (2.4) implies
Applying the transformation rule (2.6) to the Miura matrix of the system
and taking into account (2.7), we obtaiñ
The above formula immediately implies that the eigenvalues of the matrix M In general, this condition is not sufficient. In [4] it has been conjectured that in the scalar integrable case this condition becomes also sufficient, and more in general, that two integrable scalar equation are related by a Miura transformation of the form (2.2) if and only if they have the same Miura invariants. The results of the present paper suggest a similar scenario also in the non-scalar case.
Remark 2.5
In the scalar case, Miura invariants coincide with the coefficients of the quasilinear part of the equation (see [4] ).
Remark 2.6
Miura invariants can be defined in the same way also in the non semisimple case.
Miura invariants and dispersion relations
In this section we show how the notion of Miura invariants is related to the more familiar notion of dispersive relation.
Any linear constant coefficients scalar PDE of evolutionary type on unbounded domains (x ∈ R) admits traveling wave solutions of the form u(x, t) = exp(ikx − iωt), whenever the frequency ω = ω(k) satisfy a particular relation with respect to the wave number k. This relation is called dispersive relation and in general there are m different dispersive relations if the highest order of the time derivative appearing in the PDE is m.
Of course nonlinear PDEs in general do not admit solutions of the form u(x, t) = exp(ikx−ωt). However, it is still possible to linearize a nonlinear PDE near a particular solution and analyze the behavior of the linear approximation. For instance, linearizing the KdV equation u t = uu x + γu xxx near the constant solution u 0 = 1 with u(x, t) = u 0 + ǫv(x, t), we obtain the linear PDE v t = v x + γv xxx . This readily admits a traveling wave solution of the form v(x, t) = exp(ikx − iωt) where the dispersion relation in this case is ω(k) = γk 3 − k. Since ω is a nonlinear function of k we say that the behavior of the KdV equation is dispersive (at least near the linearization). Instead we say that the behavior is non-dispersive if ω is a linear function of k.
More in general if we deal with a scalar linear PDE with constant real coefficients, even-numbered spatial derivative terms are diffusive while odd-numbered spatial derivative terms are dispersive, in general (provided that there are oddnumbered spatial derivative of order greater than one). However, the situation is much more complicated for the case of systems, even for those that are linear with constant coefficients.
The case of systems (2.1) (setting ǫ = 1):
8) can be treated in a similar way. Linearizing the system around a constant solution u = c ∈ R n we obtain a system of the form
, and so on. If we plug it in (2.9), we obtain that the vector v has to satisfy the equation
From equation (2.10) we see that v is an eigenvector of the matrix
If we call λ(k) the corresponding eigenvalue, then from equation (2.10) we obtain the dispersion relation ω(k) = −kλ(k).
In general, there will be n different dispersion relations ({ω j (k) = −kλ j (k), j = 1, . . . , n}), one for each eigenvalue of the matrix M. But the eigenvalues of M coincide with the Miura invariants of (2.8) computed at u = c and p = ik.
Flat and bi-flat F -manifolds and Coxeter groups
In this Section, we briefly recall the geometric structures that encode the existence of a dispersionless integrable hierarchy (not necessarily Hamiltonian), called the principal hierarchy. • e is the unit of the product and it is flat: ∇e = 0. From condition 1,2,3 it follows that, in flat coordinates for ∇ we have
Flat F -manifold
The vector potential A i satisfies the associativity equations:
The principal hierarchy
Given a flat F -manifold one can define an integrable hierarchy of quasilinear systems of evolutionary PDEs of the form
The vector fields X (p,l) defining the hierarchy as coefficents of the formal expansion of flat sections of the deformed flat connection:
This means that the vector fields X (p,0) are flat and the remaining ones are obtained by means of the recursive relations
In flat coordinates (v 1 , ..., v n ) the flows of the hierarchy are systems of conservation laws:
If the product is semisimple, then the canonical coordinates (r 1 , ..., r n ) (where c
are Riemann invariants of this system. If ∇ is the Levi-Civita connection of η and η is invariant w.r.t the product:
where < ·, · > is the bilinear form defined by η, the bi-flat F -manifolds becomes Frobenius manifolds. Indeed:
In other words oriented associativity equations become WDVV associativity equations:
• the principal hierarchy becomes Hamiltonian w.r.t. the Dubrovin-Novikov bracket associated with η. In flat coordinates
and the flows of the principal hierarchies can be written as
To conclude this subsection we recall the definition of bi-flat F -manifolds.
Definition 3.2 A bi-flat F -manifold is a manifold equipped with two different flat structures (∇,
•, e) and (∇ * , * , E) related by the following conditions
Whenever one has an underlying bi-flat F manifold structure, it is possible to introduce a recursive scheme for the principal hierarchy which is different from (3.1) and which generalizes the so-called Lenard-Magri chains. These recurrence relations are called twisted Lenard-Magri chains and were developed in [6] . More precisely, on any (semisimple) bi-flat F-manifold, the following recursive scheme (generalizing the classical bi-Hamiltonian recurrence relations of Lenard-Magri) is available:
where (X (0,1) , . . . , X (0,n) ) is a frame of flat vector fields. The corresponding equations of the associated hierarchy are in this case given by:
Bi-flat F -manifolds and Coxeter groups
Let G be a Coxeter group and |H/G| the number of orbits for the action of G on the collection of reflecting hyperplanes. In [1] it has been conjectured that the orbit space of each finite Coxeter group is equipped with a natural bi-flat F -manifold structure that depends on |H/G|−1 parameters. The conjecture is supposed to hold under the assumption that the flat coordinates of ∇ are basic polynomial invariants and that the dual product has the special form
where α H is a linear form defining the mirror H, H is the collection of the reflecting hyperplanes, π H denotes the orthogonal projection onto the orthogonal complement (with respect to a suitable bilinear form) of the hyperplane H and N is a normalizing factor. This conjecture has been verified for Weyl groups of rank 2, 3, and 4 and for the groups I 2 (m). In the first case one has one parameter in the cases B 2 , B 3 , B 4 , F 4 and no parameter in the remaining cases. In the second case we have one parameter in the even case and no parameter in the odd case. Below we write some examples of one-parameter families of vector potentials.
B
The value of the parameter corresponding to the Frobenius manifold structure is c = − .
The value of the parameter corresponding to the Frobenius manifold structure is c = − 
The vector potential for B 4 comes from a Frobenius potential for c = − .
I 2 (m)
The vector potential for I 2 (m) comes from a Frobenius potential for c = 0. Based on what we have presented in this Section, it is clear that to each Coxeter group there is associated a family of integrable dispersionless hierarchies, whenever the corresponding vector potential depends on parameters. If the vector potential does not depend on parameters, then there is associated a unique integrable dispersionless hierarchy: the principal hierarchy of the Frobenius manifold associated with the Coxeter group. In the case of families, there is a special value of the parameter for which the associated integrable dispersionless hierarchy is the principal hierarchy originating from the Frobenius manifold associated with the Coxeter group. For generic values of the parameter the bi-flat structure does not come from a Frobenius manifold structure and the principal hierarchy is not Hamiltonian (at least w.r.t. a local Hamiltonian structure). In the next Section, we will study in detail the case of B 2 and of its integrable deformations.
The case of B 2
Starting from the results of [1] , we provide the principal hierarchy associated to the orbit space of B 2 and we analyze its integrable deformations. This is a particularly significant example because of the fact that the underlying geometric structures (bi-flat F -manifold) for the case of B 2 appear in a family depending on a parameter.
The principal hierarchy for B 2
In this paper we focus on a one-parameter family of bi-flat structures associated with the Coxeter group B 2 . The primary flows of the hierarchy are
Starting from the primary flows one can reconstruct all the flows of the principal hierarchy by means of the recursive relations (3.1). For instance, the first flows obtained from (4.1),(4.2) and (4.3) and (4.4) are
respectively. In the case c = − 3 4 all the flows of the principal hierarchy can be written in the bi-hamiltonian form. This is the case corresponding to Frobenius manifold of B 2 . In the remaining cases we have systems of conservation laws admitting Riemann invariants, that is semi-Hamiltonian systems. A special set of Riemann invariants are the canonical coordinates of the product which are
The general strategy
Here we outline the general strategy to compute non-trivial integrable deformations of the principal hierarchy associated with a flat F -manifolds. The steps are as follows:
Step 1. We reduce the general deformation at some order in ǫ (for our case only order one and two) for the selected flow of the principal hierarchy to the simplest possible form using Miura transformations.
Step 2. We choose a symmetry and we impose commutativity between the selected deformed flow and the selected symmetry (which is to be deformed at the same order in ǫ). The commutativity is also imposed up to the chosen order in ǫ (for the cases examined here, only order one and two).
Step 3. We check that all the symmetries (and not just the selected one) of the system (4.1, 4.2) can be extended to the relevant order in the deformation parameter.
Step 4. We check that all deformed the symmetries pairwise commute up to the relevant order in ǫ. [16] , where it is stated that for a system with n components, it is enough to prolong n symmetries (in our examples, it seems that even the prolongation of one symmetry does the job).
In general, since we are dealing with systems of conservation laws, the commutativity between the flow u t = ∂ x (α 1 ), v t = ∂ x (α 2 ) and the flow u τ = ∂ x (β 1 ), v τ = ∂ x (β 2 ) is equivalent to the involutivity of the 1-forms defining the flows with respect to the Poisson bracket [5] :
.
(4.9)
The formula (4.9) is just a special case of a more general formula that reduces to (4.9) in a special set of coordinates. Indeed, consider two PDEs of the form
10)
were the 1-forms α and β are not necessarily closed (they are not necessarily the variational derivative of some functionals) and g ij is a flat contravariant metric with corresponding Christoffel symbols Γ j lk . Then the two flows defined by these two PDEs commute if and only if the Poisson bracket defined by 12) vanishes. For instance, all the flows of the principal hierarchy associated with a flat F -manifold (M, ∇, •, e) can be written in the form (4.10) where g is any (pseudo)-metric satisfying the condition ∇g = 0 and the 1-forms α are obtained from the vector fields X defining the principal hierarchy lowering the index with g: α i = g ij X j . In a given system of flat coordinates without loss of generality we can choose g ij = δ ij . In this case it is immediate to check that the (4.12) reduces to (4.9). For the development of the full theory and further details, see [5] .
Deformations at the first order in ǫ
In this Section, we study the (integrable) deformations at the first order in ǫ for the dispersionless systems associated to B 2 constructed in Section 3. We do not spell out in more detail the general strategy outlined in the previous subsection for this case, since we are going to provide more details for the second order deformations, where the computations are considerably more involved. As a first step we have to select a flow in the principal hierarchy. For c = −1, − 1 2 we choose the flow (1, 0), corresponding to the system (4.1, 4.2). Since for c = − and for c = −1 this system is degenerate, for these values of c we choose the flow (2, 1). This is given by
in the case c = − and by
in the case c = −1.
To impose integrability, we need to choose a symmetry (see Step 2 above). In the case c = − 1 2 , −1 we choose as symmetry the flow (2, 1) (4.7,4.8) of the principal hierarchy, while in the case c = − 1 2 e c = −1 we choose the flow (2, 2) . In the first case we have the system
while in the second case we get the system
The case c = − 3 4
For the case c = − 3 4 we first apply the reducing Miura transformation to the general deformation (i.e. without imposing integrability conditions). In doing so, in particular trying to cancel the entire deformation using a Miura transformation, one obtains the integrability conditions automatically, without imposing them. Thus the integrability conditions at this level appear as necessary conditions for the first order deformation to be Miura trivial.
For c = − 3 4 , the general first order deformation of the system is given by:
where a 11 , . . . a 22 are arbitrary (analytic) functions of u, v. Now we consider Miura transformations of the form u i → w i = u i + ǫ∂ x M i for i = 1, 2 (so u 1 = u and
, where M i are differential polynomials of degree zero in the dependent variables. Via a straightforward calculation we see that in order for the first order deformation to be Miura trivial, it is necessary and sufficient that the following systems of PDEs is satisfied (we write it using the old variables u, v):
These four PDEs are just the coefficients of the homogeneous part of degree one of the forms ω 1,0 + ǫω 1,1 and ω 2,0 + ǫω 2,1 after the application of the Miura transformation. In particular, the first and the second PDEs are the coefficients in front of u x and v x respectively in the homogeneous part of degree one of the form ω 1,0 + ǫω 1,1 after Miura transformation, while the third and the fourth PDEs are the coefficients in front of u x and v x respectively in the in the homogeneous part of degree one of the form ω 2,0 + ǫω 2,1 after Miura transformation. Observe that for the first and last equation of this system to be satisfied, it is necessary that a 11 = −a 22 . Analogously for the second and third equation to be fulfilled, it is necessary that a 21 = − These two conditions turn out to be a posteriori exactly the integrability conditions of involutivity with the symmetries. Imposing these necessary conditions for the system about to be satisfied, we have that it is reduced to the following (two of the equations become redundant):
While in general it is difficult to find an explicit solution of this system, one can use general theorems to prove that a solution of the does exist. The main theorem in this context is the so-called Cauchy-Kowalevski theorem which we now state in a form useful for our goals: Theorem 4.3 Let M : R n → R n and consider the following problem: To apply this Theorem, we rewrite the system (4.13), (4.14) as (where u corresponds to the first variable and v to the second):
and a 11 , a 12 are known but unspecified functions of u, v. Then, assuming that a 11 and a 12 are analytic in a neighborhood of the origin in R 2 , the Cauchy-Kowalevski theorem guarantees that there exists a unique analytic solution to the above system in a neighborhood of the origin with M(0, v) = 0. Of course, one can choose a different initial condition for M (as long as it is analytic).
The case
Here we study the Miura triviality of the first order deformations for the generic case of c arbitrary. Besides excluding the case c = − 3 4 , it is necessary to exclude also the cases c = −1, c = − 1 2 , because in this case it is the starting point of the principal hierarchy that is degenerate, and one needs to deal with these two cases separately.
Furthermore, in this case, in order to simplify the computations we first impose integrability and then we look for the reducing Miura transformation. One can easily verify a posteriori that also in this case the integrability conditions coincide with the compatibility of the system of PDEs governing the reducing Miura transformation.
Thefore, after having imposed the integrability conditions, the first order deformations are given by:
where .
Here the functions a 12 and b 21 are arbitrary functions that control the deformations (those that remains after imposing integrability).
As usual, we apply Miura transformations of the form u i → w i = u i + ǫ∂ x M i for i = 1, 2 (so u 1 = u and u 2 = v), where M i are differential polynomials of degree zero in the dependent variables. Via a straightforward calculation we see that in order for the first order deformation to be Miura trivial, it is necessary and sufficient that the a system of four PDEs is satisfied (we write it using the old variables u, v). Of these PDEs, the first and the last are the same, so we write only the first three PDEs:
These four PDEs (the fourth is omitted since it is equal to the first up to a sign) are just the coefficients of the homogeneous part of degree one of the forms ω 1,0 + ǫω 1,1 and ω 2,0 + ǫω 2,1 after the application of the Miura transformation. In particular, the first and the second PDEs are the coefficients in front of u x and v x respectively in the homogeneous part of degree one of the form ω 1,0 +ǫω 1,1 after Miura transformation, while the third and the (missing) fourth PDEs are the coefficients in front of u x and v x respectively in the homogeneous part of degree one of the form ω 2,0 + ǫω 2,1 after Miura transformation. Solving for ∂ u M 2 in the first equation and for ∂ v M 2 in the second equation and substituting the resulting expressions in the third PDE, one gets that the third equation is automatically satisfied. So the system of PDEs that control the existence of a Miura transformation eliminating all the first order deformations is given by the first two equations and can be written as were identified using only one particular flow of the principal hierarchy, it turns out that they automatically reduce to the dispersionless limit the entire principal hierarchy, if they do so for one of the flows.
Case c = −1
The cases with c = −1 and c = − 1 2 present a substantial departure from the previous cases. Indeed in these cases, the first order deformations are not Miura trivial as we shall see in a moment.
For the case c = −1, we first impose the integrability conditions and we find that the first order deformations are given by
where a 12 , a 11 are arbitrary functions of u, v and F is an arbitrary function of the single variable 1 2 u 2 + v, which is one of the Riemann invariants. Applying Miura transformations of the usual form, via a straightforward calculation we see that in order for the first order deformation to be Miura trivial, it is necessary and sufficient that the following system of four PDEs is satisfied (we write it using the old variables u, v and we omit one of the equations since two of them are essentially the same equation):
These three PDEs are obtained in the following way. The first two are the coefficients of u x and v x respectively in the homogeneous part of degree one of ω 1,0 + ǫω 1,1 , after the Miura transformation has been performed. The last equation is the coefficient in front of v x in the homogeneous part of degree one of ω 2,0 + ǫω 2,1 , after the Miura transformation has been performed. The coefficient in front of u x in the homogeneous part of degree one of ω 2,0 + ǫω 2,1 after the Miura transformation is the same as the third equation multiplied by u. The system is clearly incompatible (since the first and the third equation can not be simultaneously satisfied), which means that the function F can not be eliminated from the first order deformation. On the other hand it is possible to obtain an explicit solution of the system formed by the first and the second equation (which means we can eliminate a 11 and a 12 from the deformation). In this way, we obtain the non-trivial first order deformations:
For the case c = − , again we first impose the integrability conditions and we find that the first order deformations are given by
where a 12 , a 22 are arbitrary functions of u, v and F is an arbitrary function of the single variable − 1 2 u 2 + v, which is the other Riemann invariant. Applying Miura transformations of the usual form, via a straightforward calculation we see that in order for the first order deformation to be Miura trivial, it is necessary and sufficient that the following system of four PDEs is satisfied (we write it using the old variables u, v and we omit one of the equations since two of them are essentially the same equation):
These three PDEs are obtained in the following way. The first two are the coefficients of u x and v x respectively in the homogeneous part of degree one of the form ω 1,0 + ǫω 1,1 , after the Miura transformation has been performed. The last equation is the coefficient in front of v x in the homogeneous part of degree one of the form ω 2,0 + ǫω 2,1 , after the Miura transformation has been performed. The coefficient in front of u x in the homogeneous part of degree one of the form ω 2,0 + ǫω 2,1 after the Miura transformation is the same as the third equation multiplied by −u. The system is clearly incompatible (since the first and the third equation can not be simultaneously satisfied), which means that the function F can not be eliminated from the first order deformation. On the other hand it is possible to obtain an explicit solution of the system formed by the second and the third equation. In this way, we obtain the non-trivial first order deformations:
We therefore conclude this Section with the following result, the proof of which stems from what we have seen above: 
Deformations at the second order in ǫ
In this section we study the second order non-trivial deformations of the principal hierarchy of B 2 .
Here we spell out in slightly more detail the strategy used to compute the second order non-trivial integrable deformations of the principal hierarchy for B 2 .
Step 1. Same as the Step 1 above.
Step 2. We impose commutativity between the selected deformed flow and the selected deformed symmetry up to the second order in ǫ. In the case c = − and c = −1 we have the first order corrections obtained at the previous step.
Step 3. We check that all the symmetries of the system (4.1, 4.2) can be extended to the second order in the deformation parameter ǫ. For c = −1, − 1 2 the symmetries are
where the function h is a solution of
the symmetries are
where the function f and g satisfies
Finally for c = −1 the symmetries are
It is known from the general theory [27] that the general solutions of the equations (4.16,4.17,4.18) depends on two arbitrary functions of single variables (the Riemann invariants). For special choices of these functions we get the flows of the principal hierarchy.
Step 4. Same as Step 4 above. 
The case c = −
and F is the sum of two arbitrary functions of the Riemann invariants:
Proof.
Step 1. Following the general strategy we apply Miura transformation of the form
to general second order deformation of the system (4.1,4.2)
It is easy to check that the terms in α 1 containing u xx and v xx and the term in α 2 containing u x v x can be eliminated and the coefficent of v Step 2. Imposing commutativity up to the order ǫ 2 with the flow
we obatin all the unknown coefficients in terms of a 23 and a 24 . These two remaining functions must satisfy the conditions . Substituting in the second condition we get the equation
Step 3. We impose the commutativity between the second order deformation of the system (4.1,4.2) and the deformation of the general symmetry
where h is assumed to satisfy the equation (4.16) with c = − . It turns out that the coefficients of the deformed symmetry are uniquely determined as functions of F and h and their partial derivatives:
,
Step 4. We verify that for any pair of solutions (h 1 , h 2 ) of (4.16) the corresponding deformed symmetries commute. This requires to use the differential consequences of the equations for F , h 1 and h 2 . the integrable deformations of the system (4.7,4.8) can be reduced to the following form
The case
and (4.7,4.8) can be reduced to the following form
4.4.4
The case c = − , −1 integrable second order deformations of the system (4.1),(4.2) can be reduced to the following form where
and F 1 and F 2 are arbitrary functions of their arguments (which coincide with the Riemann invariants of the dispersionless limit).
In the 
Miura invariants for B 2 -deformations
In the case of the principal hierarchies associated with semisimple bi-flat F -manifolds we have a distinguished set of Riemann invariants: the canonical coordinates. Evaluating the Miura invariants in this special set of coordinates we clearly obtain functions which are invariants with respect the full group of Miura transformations. Below, we list the Miura invariants for the deformation of B 2 corresponding to the four cases c = − . Taking into account that the canonical coordinates are given by
we get:
, −1, − :
• Case c = −
In canonical coordinates:
• Case c = −1:
• Case c = − 
The case I 2 (m)
The case of I 2 (m) can be treated in a completely analogous way (this is not surprising since I 2 (4) ∼ B 2 ). We skip details of the computations, which are summarized in the Table 3 . For any m we have a special values of the parameter (c = 0) corresponding to the Dubrovin-Saito Frobenius manifold structure and two special values (c = ±2) such that one of the primary flows is degenerate. In this case, the first order non-trivial deformations depend on a functional parameter and second order deformations contain two additional functional parameters. In all the remaining cases, the first order deformations are trivial and the second order deformations depend on two functional parameters. To simplify the formulas we have substituted m with 2m everywhere. 
Values of c

Conclusions
In this paper following the path already traced in the scalar case [3, 4] we have generalized Dubrovin-Zhang approach to the study of integrable hierarchies of systems of conservation laws. In this framework Frobenius manifolds are replaced by flat and bi-flat F -manifolds, Poisson bracket between hamiltonian functionals are replaced by Poisson brackets between currents and central invariants are replaced by Miura invariants. Due to the complexity of computations we have considered 2-component systems and only first order and second order deformations. This is enough to see some new interesting phenomena like the appearance of new functional parameters in some special cases. However it is clear that important question like the existence of eventual obstructions in the deformation procedure require new ideas and new tecniques. Unfortunately a powerful instrument like bi-Hamiltonian cohomology is not available in this setting.
Other important issues are:
• To find examples of truncated integrable systems of conservation laws. These might be obtained selecting special values for the functional parameters on which the deformation depends.
• To study the (possibly universal) behaviour of solutions near the point of gradient catastrophe and how it changes varying the parameter. It is reasonable to expect substantial differences between the Hamiltonian and the non-Hamiltonian cases.
• To study the non-semisimple case. The deformations procedure can be applied without significant changes also to the principal hierachy of a non semisimple (bi)-flat F -manifold. Some results are already available in the bi-Hamiltonian case [10] .
